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 

Abstract— Poverty measures are used to measure poverty levels 

or degrees of poverty in a population. Stochastic dominance refers 

to a set of relations between distributions. Stochastic dominance 

orders of poverty measures have been discussed by many authors 

in the literature. In this paper, definition of stochastic dominance 

is introduced and used to order poverty measures. Hypotheses 

testing on stochastic dominance ordering of poverty measures are 

obtained. For illustration, our results are applied to the real data 

sets collected in Egypt between 1995/1996 to 2008/2009. 

Index Terms—Poverty measures, poverty lines, stochastic 

dominance, Hypotheses testing.  

I. INTRODUCTION 

  Stochastic dominance has important applications to 

analyze and to compare poverty levels over time, or between 

different socioeconomic groups within the same country, or 

between different countries. Comparing poverty levels are 

very important in helping decision makers to consider what 

new plans and economic reforms should be adopted to 

alleviate these levels in a population. As Duclos (2006) 

discussed, the easiest way to compare poverty levels is 

cardinal comparisons by comparing numerical estimates of 

poverty indices, but choosing single indices may produce 

contradictory conclusions. Ordinal comparisons or partial 

orderings are used to solve the cardinal comparisons problem 

by comparing poverty levels across distributions. In the 

literature of poverty comparisons, the ordinal poverty 

comparisons compare poverty levels in two ways: (a) 

poverty-measure orderings which compares poverty using a 

class of poverty measures with a fixed poverty line which is a 

borderline between poor and non-poor people in a population, 

and (b) poverty-line orderings which compares poverty using 

a poverty index with a range of poverty lines. Stochastic 

dominance is related to poverty comparisons which are based 

on the comparisons across distributions. Suppose we have 

two distributions A and B with FA(x) and FB(x) respectively, 

the first order stochastic dominance, the second order 

stochastic dominance, and the third order stochastic 

dominance are defined respectively as follows (see  

Levy (2006)  and  Linton (2005) for details if interested).  
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In this paper, stochastic dominance for poverty orderings is 

introduced in Section 2. Foster poverty orderings using 

stochastic dominance approach is discussed in Section 3. 

Hypotheses testing for first, second, and third order stochastic 

dominance on Foster poverty measures are obtained in 

Section 4. In Section 5, our main results are applied to the real 

survey data on household expenditures collected in Egypt 

(from Egyptian Central Agency of Statistics) between 

1995/1996 and 2008/2009, as an illustration. 

II. STOCHASTIC DOMINANCE FOR POVERTY ORDERINGS 

Foster (1988) derived the partial orderings of discrete 

distributions from some poverty indices and sets of welfare 

functions. Also, the partial poverty orderings is defined by: 

(a) finite-population income distribution defined over 

positive income values X has less poverty than a 

finite-population income distribution defined over positive 

income values Y with respect to the poverty index P, if and 

only if  

 
where z is a poverty line. 

 Davidson (2000) said Distribution B dominates 

distribution A at order s, up to poverty line z, if  
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In this paper, poverty-line orderings are used to compare 

poverty levels using ordinal comparisons. Poverty-line 

orderings are defined by comparing poverty levels, using a 

poverty index with a range of poverty lines. We will use 

Foster's indices with a range of poverty line z ϵ [z min, z max], 

where (z min) is the minimum value of an estimated relative 

poverty line and, (z max), is the maximum value of an 

estimated relative poverty line. The relative poverty line 

defined by a percentage of mean or median income or 

expenditure is used as the borderline between the poor and 

non-poor people see Weisbrod (1965), Oti (1990) and Zheng 

(2001). This line is estimated as a point in the distribution of 

income or expenditure, then it is updated automatically over 

time, when the income or expenditure changes. For this 

reason, the relative poverty line is considered the common 

poverty line that is used in the literature of ordinal poverty 

orderings. 

III. FOSTER POVERTY ORDERINGS USING STOCHASTIC 

DOMINANCE 

Foster poverty measure defined by 

 
will be used in this section to compare the poverty levels using 

stochastic dominance. Let  be the c.d.f. of X. 

Let  where z is the relative poverty line 

estimated between the minimum value and the maximum 

value. At , the Foster poverty measure  

is the head count ratio H, then we define the first order 

stochastic dominance using the head count ratio index as 

follows (i) The head count ratio in population B, is less than 

the head count ratio in population A; or, B dominates A at first 

order stochastic dominance, if and only if 

 

 

At , the Foster poverty measure   is the 

poverty gap ratio defined by  

 
integrating by parts see Foster (1984), we conclude that  

 
Now, we define the second order stochastic dominance using 

the poverty gap ratio as follows  

(ii) The poverty gap ratio in B, is less than the poverty gap 

ratio in A; or, B dominates A at second order stochastic 

dominance, if and only  

 

At , the Foster poverty measure  is the 

severity of poverty defined by  

 
integrating by parts, we conclude that  

 
Now, we define the third order stochastic dominance using 

the severity of poverty as follows  

(iii) The severity of poverty in B, is less than the severity of 

poverty in A; or, B dominates A at third order stochastic 

dominance, if and only if is  

 
 

Now, we want to test the first, second, and third order 

stochastic dominance. 

IV.   HYPOTHESES TESTING FOR FIRST, SECOND, 

AND THIRD ORDER STOCHASTIC DOMINANCE 

ON FOSTER POVERTY MEASURES 

Foster's indices which are given in (1) are estimated using the 

results from U-statistics. Also, the asymptotic distributions of 

the estimators of Foster's indices are derived see, Xu (2007) 

and Albehery (2011). In this work, the advantages of the 

estimation and the asymptotic distributions of the estimators 

of Foster's indices will be used to test if the first, second, and 

third order stochastic dominance are significant or 

insignificant. Also, the intersection-union principle will be 

applied to construct the test statistics, see Kaur (1994), and 

Davidson (2000).  

A. Testing first-order stochastic dominance 

Let the hypothesis be 
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where  is the estimator , and  

 
are the sample size from populations  A and  B respectively. 

The test statistic will be 

 

Let  be the  percentile of standard normal 

distribution, then we reject  if and only if  

 , where   follows 

asymptotic normal distribution with zero mean and unit 

variance. 

B. Testing second-order stochastic dominance 

The hypothesis is 

 

 

which is  follows asymptotic normal 

distribution with zero mean and unit variance. 

C. Testing third-order stochastic dominance 

The hypothesis is 

 

which is  follows asymptotic normal 

distribution with zero mean and unit variance. 

V. REAL DATA APPLICATIONS 

The most important data sources to measure the poverty 

levels in Egypt are household surveys. Egyptian household 

surveys are available for the years 1995/1996, 1999/2000, 

2004/2005 and 2008/2009. Each period is written as two 

years because each survey starts in mid-year of the first 

period and ends in mid-year of the second one. The title of 

the surveys for 1995/1996, 1999/2000, 2004/2005 and 

2008/2009 was "The Research of Consumption and 

Expenditure in Egypt" and all households surveys are 

produced by the Egyptian Central Agency of Statistics 

(ECAS). In this paper, we will use household expenditure 

instead of income because many reported incomes in 

developing countries might be far less than real incomes. 

Also, in the developing countries, the income data is limited 

since many people don't report secondary sources of 

income. In our work, consumption expenditure data sets on 

urban areas and on rural areas are collected independently. 

Also for each consumption expenditure group the average 

expenditure, the average expenditure on food, the number 

of households NH, and the number of individuals NI are 

given. The values of estimated Foster poverty indices using 

rural, urban, and total data collected in Egypt from 

1995/1996 to 2008/2009 at the estimated values of relative 

poverty lines are listed in Tables 2, 3, 4, 5 and Table 6, 

respectively. The values of relative poverty lines are 

estimated by  

 

Where the estimated median of annual household expenditure 

are listed in Table1.  Also, the values of test statistic K2 and 

k3 for testing second and third order stochastic dominance 

problems for Foster poverty measures given in subsection 4.1, 

4.2, and 4.3 are listed in Table 7. From the Table 7, at 5% 

significant level, urban survey data in 2004/2005 is 

significantly stochastically dominated urban survey data in 

1999/2000 with respect to the poverty gap ratio and the 

severity of poverty. Also, rural, urban, and total survey data in 

2008/2009 are significantly stochastically dominated rural, 

urban, and total survey data in 2004/2005, respectively with 

respect to the poverty gap ratio and the severity of poverty. In 

addition, the figures that show the second and the third order 

stochastic dominance for Foster poverty measures are 

displayed in Figure 1 to Figure 10. 
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A. Tables 

 

 

 

 

 
 

 

 
B. Figures 

 
This figure displays the second order stochastic dominance 

between rural data collected in 1999/2000 and in 2004/2005. 

It shows that the rural 1999/2000 stochastically dominated 

rural 2004/2005 with respect to the poverty gap ratio and 

using the relative poverty line, i.e., the poverty gap ratio for 

rural 1999/2000 is less than the poverty gap ratio for rural 

2004/2005. 
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This figure displays the third order stochastic dominance 

between rural data collected in 1999/2000 and in 2004/2005. 

It shows that the rural 1999/2000 stochastically dominated 

rural 2004/2005 with respect to the severity of poverty and 

using the relative poverty line, i.e., the severity of poverty for 

rural 1999/2000 is less than the severity of poverty for rural 

2004/2005. 

 
This figure displays the second order stochastic dominance 

between rural data collected in 2004/2005 and in 2008/2009. 

It shows that the rural 2004/2005 stochastically dominated 

rural 2008/2009 with respect to the poverty gap ratio and 

using the relative poverty line, i.e., the poverty gap ratio for 

rural 2004/2005 is less than the poverty gap ratio for rural 

2008/2009. 

 

 
This figure displays the third order stochastic dominance 

between rural data collected in 2004/2005 and in 2008/2009. 

It shows that the rural 2004/2005 stochastically dominated 

rural 2008/2009 with respect to the severity of poverty and 

using the relative poverty line, i.e., the severity of poverty for 

rural 2004/2005 is less than the severity of poverty for rural 

2008/2009. 

 
This figure displays the second order stochastic dominance 

between urban data collected in 1999/2000 and in 2004/2005. 

It shows that the urban 1999/2000 stochastically dominated 

urban 2004/2005 with respect to the poverty gap ratio and 

using the relative poverty line, i.e., the poverty gap ratio for 

urban 1999/2000 is less than the poverty gap ratio for urban 

2004/2005. 
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This figure displays the third order stochastic dominance 

between urban data collected in 1999/2000 and in 2004/2005. 

It shows that the urban 1999/2000 stochastically dominated 

urban 2004/2005 with respect to the severity of poverty and 

using the relative poverty line, i.e., the severity of poverty for 

urban 1999/2000 is less than the severity of poverty for urban 

2004/2005. 

 

 
This figure displays the second order stochastic dominance 

between urban data collected in 2004/2005 and in 2008/2009. 

It shows that the urban 2004/2005 stochastically dominated 

urban 2008/2009 with respect to the poverty gap ratio and 

using the relative poverty line, i.e., the poverty gap ratio for 

urban 2004/2005 is less than the poverty gap ratio for urban 

2008/2009. 

 

 
This figure displays the third order stochastic dominance 

between urban data collected in 2004/2005 and in 2008/2009. 

It shows that the urban 2004/2005 stochastically dominated 

urban 2008/2009 with respect to the severity of poverty and 

using the relative poverty line, i.e., the severity of poverty for 

urban 2004/2005 is less than the severity of poverty for urban 

2008/2009. 

 

 
This figure displays the second order stochastic dominance 

between total data collected in 2004/2005 and in 2008/2009. 

It shows that the total 2004/2005 stochastically dominated 

total 2008/2009 with respect to the poverty gap ratio and 

using the relative poverty line, i.e., the poverty gap ratio for 

total 2004/2005 is less than the poverty gap ratio for total 

2008/2009. 
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This figure displays the third order stochastic dominance 

between total data collected in 2004/2005 and in 2008/2009. 

It shows that the total 2004/2005 stochastically dominated 

total 2008/2009 with respect to the severity of poverty and 

using the relative poverty line, i.e., the severity of poverty for 

total 2004/2005 is less than the severity of poverty for total 

2008/2009. 
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