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Abstract—An enhanced eight node solid-shell element 

formulation is demonstrated.  The enhanced strain method is used 

to alleviate the locking problems. A co-rotational formulation is 

adopted in the formulation, thus geometric nonlinearity is taken 

into account by the rotation of the local coordinate system. Several 

benchmark problems are studied to demonstrate the efficiency of 

the element. 

 
Index Terms— Co-rotational formulation, solid-shell element, 

the enhanced strain method. 

I. INTRODUCTION 

   In the linear analysis, the displacements and strains 

developed in the structure are small. That is, the geometry of 

the structure assumed remains unchanged during the loading 

process and linear strain approximations can be used. 

However, the geometry of the structure changes continuously 

during the loading process, and this fact is taken into account 

in the geometrically nonlinear analysis [1, 2]. Mainly, three 

Lagrangian kinematic descriptions are in present use for finite 

element analysis of geometrically nonlinear structures: Total 

Lagrangian (TL), Updated Lagrangian (UL) and 

Co-Rotational (CR) formulation [3]. The pioneers of the 

co-rotational approach can be said as Wempner [4], Argyris et 

al. [5], Belytschko and Glaum [6], Crisfield and Moita [7] and 

Moita and Crisfield [8]. The attractiveness of the CR 

formulation resides in the fact that it can be applied to 

simplify the Lagrangian formulations for large-displacement 

and small-strain problems without significant loss of accuracy 

[9]. In this formulation the rigid-body motion is eliminated 

and only element deformation is considered to obtain the 

internal forces and the tangent stiffness matrix.    

Many researchers [10-19] are interested in solid-shell 

elements which are widely used to analyze shell like 

structures. These elements possess no rotational 

degrees-of-freedom.  Thus, the complication on handling 

finite rotational increments can be avoided. However, similar 

to the degenerated shell elements these elements also suffer 

from some kind of locking effects.  Various methods have 

been suggested to overcome these locking effects. The 

earliest techniques are Uniform Reduced Integration (URI) 

[20] and Selective Reduced Integration (SRI) [21, 22]. 

However, URI procedure generally leads to spurious zero 

energy modes, despite the fact that for some cases a correct 

solution is obtained. In addition, SRI procedure exhibits 

similar problems but usually on a smaller range. 
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 Another two distinct approaches are the Assumed Natural 

Strain (ANS) [23, 24] and the Enhanced Assumed Strain 

(EAS) [25-27] which are successfully implemented in various 

finite elements to alleviate locking effects.  

The objective of this paper is to demonstrate the nearly 

locking free formulation of an 8-node solid-shell element 

based on the co-rotational description of motion. Firstly, the 

geometry and the strain-displacement relations of the 

displacement based 8-node solid-shell element are presented. 

Low order elements based on standard displacement 

interpolation are usually accompanied by locking phenomena. 

To alleviate locking problems of the element, an enhanced 

strain method is used. The enhanced strain method is based on 

the enhancing of the displacement-dependent strain field by 

an extra assumed strain field, and it is assumed that the stress 

and the enhanced assumed strain fields are orthogonal, which 

results in an elimination of the stress field from the finite 

element equations. Secondly, a co-rotational formulation 

based on the study of Crisfield and Moita [7], Moita and 

Crisfield [8], Felippa and Haugen [3] is given.  A local 

coordinate system is attached to the element and a rotation 

matrix which defines the rotation of this local coordinate 

system according to the global coordinate system, is obtained 

using the polar decomposition theorem. Thus, the geometric 

non-linearity is incorporated by the rotation of the local 

coordinate system. Lastly, several benchmark problems are 

examined by a computer program which is written by the 

author in MATLAB code. 

II.  ELEMENT FORMULATION 

A. Geometry of the Solid Shell Element  

The coordinates of a typical point in the eight node 

solid-shell element (Fig. 1.) can be written as 
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where ),(NN kk   are the two-dimensional 

isoparametric shape functions, 
T]z,y,x[x are the 

position vectors;  ,   and   are curvilinear coordinates. 

Here  ,   and   are assumed to vary from -1 and +1. 

The displacement field 
T]w,v,u[u   in the shell element 

can be approximated by 
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where 
T

kkkk ]w,v,u[u  represents the displacement 

vector of node k [1,2].  
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Figure 1. Geometry of the Eight Node Solid-Shell 

Element. 

B. Strain–Displacement Relationships  

The components of the displacement-based strain tensor   

in the natural set of coordinates ),,(   can be given as 

 Tuuuuuuu ][    (3) 

or 

 n,...1k]...[, T

k1

uu  uuu         uB  (4) 

where 
u

B  is the conventional strain-displacement matrix 

and u  is the nodal displacement vector. The natural strain 

components defined in Eq. (3) can be determined [19] by 

using the displacement vector u  and the covariant base 

vectors ig  as 
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and 
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where x  is the position vector. 

The previously described strain field is related to the 

natural set of coordinates. Therefore, it is necessary to obtain 

the local physical strains from the natural strain components.  

An algorithm suggested by Valente [28] is used for the 

transformation of the strains. It consists of the following five 

steps: 
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Then, the components of director cosines matrix T̂  is 

   1T321 )(ˆ  JrrrT  (7) 

in which J  is the conventional Jacobian matrix given by 
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The natural coordinate and the local coordinate system can be 

related by the second-order transformation tensor T   
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(9) 

When you submit your final version, after your paper has 

been accepted, prepare it in two-column format, including 

figures and tables.  

C. Locking Treatments 

In the pure displacement-based finite element formulation 

of shells, employing the full quadrature rules leads to locking 

effects related to transverse shear strain energy values. These 

formulations give unacceptable results especially thickness 

values become smaller. To resolve the locking problems 

without reducing the quadrature rules, an enhanced strain 

method proposed by Sousa et al. is used [29].  The 

displacement-based strain field can be improved using the 

enhanced strain method as following 

   u

 (10) 

where   is the improved strain field,  
u  is  the 

displacement-based strain tensor  and 
  is the additive 

enhanced strain field. The additive enhanced strain field can 

be rewritten as 
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where 


Β and is the enhanced strain field interpolation 

matrix,    is the enhanced variables field. The enhanced 

strain field interpolation matrix is given by  

2 2 2

0 0 0 0 0 0 0 0

2 2 2

0 0 0 0 0 0 0 0

2 2 2

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

N N N N

N N N N

N N N N

N N

N N

N N

   

      

   

      

   
       

 

 

 

 

 

 

   

      

   

      

   

      

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 






 

Β








 

(12) 

where 
N  is the bubble function defined by 
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The natural coordinate and the local coordinate system can be 

related by the second-order transformation tensor. Thus, the 

strain components in the local frame  

  (14) 

  (15) 
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where   is the Jacobian matrix, and 0T  is evaluated at the 

element center.  

D. Co-Rotational Formulation 

The initial local system coordinates 
k

LX  of node k can be 

given as 

 
1kk

L XXX   (17) 

It is considered that the initial coordinates in the local and 

global systems are the same. 

To obtain the local axes within the nonlinear process, it is 

necessary to determine the rotation matrix R . The 

incremental global deformation gradient F  computed at the 

center of the element can be written as 

 RUF   (18) 

where U  is right stretch tensor. The rotation matrix can be 

evaluated from the well-known the polar decomposition 

theorem, mostly with the determination of the eigenvalues of 

the right Cauchy-Green tensor. 

Thus, the rotation matrix R  is 

  321 eeeR   (19) 

where  1e , 2e  and 3e  are the local rotated unit vectors. The 

relationship between the local and global current position 

vectors of node k is explicitly given by  
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where 
k

Lx   and 
k

Gx  are the current coordinates for the local 

and global position vectors for the node k, respectively. 

The differentiation of Eq. (20) gives the relationship between 

the variation of the local displacements and the variation of 

the global displacements, 
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We can rewrite Eq. (21) using a skew-symmetric matrix S  
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we can rewrite Eq. (23) at the element level as 
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where  is a pseudo-vector. To find an expression for the 

pseudo-vector  , we can write a spin vector     using 

local quantities 
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where LA  is the 24x3 matrix.  Differentiating of this spin 

vector we can get  
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and 
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Consequently using Eq. (24) and Eq. (26) 
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where T  is the transformation matrix. 

E. Tangent Stiffness Matrix 

The local internal force vector
 Li,F  of the 8-node solid-shell 

element can be determined by 

  0L

u
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where 
u

LB  is the strain-displacement matrix, L is the local 

stress vector. The relationship between the global and local 

internal force vectors can be given as 
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where the linear local stiffness matrix. The global tangent 

stiffness matrix TK  can be determined by differentiation of 

Eq. (30) such as 
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where 1K  is the initial stress matrix. This matrix can be 

determined using the variation of the transformation matrix 

T  

 

 

1
( ( )), , 1

T T T k T
diag coli L i LG G     
 T F R R S x V F K u

 
(32) 

If we define a local internal force vector 
k
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~
F  for a node k 

such as, 
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and then the initial stress matrix 1K  can take the form of 
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however, last term in Eq. (34) produces non-symmetric 

matrix. The non-symmetric part can be written as 
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Then, the initial stress matrix 1K  is given by 
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As a result, we can write the stiffness matrices used in the 

incremental-iterative procedure in the matrix form as  
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where  D  is the symmetric 6x6 material matrix.  

The enhanced strain parameters   can be eliminated at the 

element level like follows                                                                                                          
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where  
TK  is the tangent stiffness matrix. And, we can 

determine the out of balance force P  used in the nonlinear 

procedure as 

 L,i

T

e FTFP 
 (44) 

where eF  is the external force. 

III. NUMERICAL EXAMPLES  

The element stiffness matrix is computed numerically using 

a 2×2×2 Gauss integration scheme. Most of the results 

presented here are compared with solutions of Sze. et al. [30] 

who chosen S4R element in their analysis and SHELL63 

element of ANSYS. 

A. A Cantilever Subjected To End Shear Force 

A cantilever is subjected to an end shear force F, shown in 

Figure 2. The problem is examined using 20x1 enhanced 

solid-shell elements. Figure 3 plots the end shear force against 

the vertical and horizontal tip displacements (called point A) 

of present, 16x1 S4R and SHELL63 element results. The two 

solutions are almost the same.  
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Figure 2. Cantilever Subjected to End Shear Force  
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Figure 3. Load–Displacement Curves for Cantilever Subjected to End Shear Force 

B. Buckling of A Beam Under Axial Compressive Load   

An isotropic beam is subjected to compressive load F, 

shown in Figure 4.  The compressive load is applied with an 

imperfect angle 
 
of 0.0573˚ to activate the buckling 

behavior of the beam. The critical load calculated by the by 

Euler’s formula is 1124.21Fcr  . Figure 5 plots the 

compressive force against the vertical and horizontal tip 

displacements of loaded point (A) and SHELL63 element 

results are given in the same figure.  
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Figure 4. Cantilever Subjected to Compressive Force  
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Figure 5. Load–Displacement Curves for the Cantilever Subjected to Compressive Force  
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C. Hinged Semi-Cylindrical Roof  

This is a commonly used benchmark problem for 

large-displacement analysis of shallow shell subjected to a 

central pinching force, see Figure 6. The problem was studied 

many researchers [31-32]. The straight edges are hinged and 

immovable while the curved edges are free. The structure is 

modeled with 10x10 enhanced solid-shell elements on one 

quarter of its surface and with two elements in thickness 

direction. We investigate the buckling behavior of the 

cylindrical shell for two different thicknesses. The vertical 

displacements of loaded point (A) are reproduced in Figure 7 

and 8, plotted against the load level and compared to the S4R 

element solutions. A very good agreement between the 

solutions along the entire unstable load–displacement path is 

noticeable. 

R

L/2



F

 

3102.75

0.3

2540

508

12.7

6.35

0.1

E

R

L

h or

h



















 

Figure 6. Hinged Semi-Cylindrical Roof Subjected to a Central Point Load. 
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Figure 7. Load–Displacement Curves for the Hinged Semi-Cylindrical Roof for the Thickness h=12.7 
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Figure 8. Load–Displacement Curves for The Hinged Semi-Cylindrical Roof for the Thickness h=6.35 
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D. The Solution Method 

If you are using Word, use either the Microsoft Equation 

Editor or the Math Type add-on (http://www.mathtype.com) 

for equations in your paper (Insert | Object | Create New | 

Microsoft Equation or Math Type Equation). “Float over 

text” should not be selected.  

IV. CONCLUSION 

A nearly locking free formulation of an 8-node solid-shell 

element based on the co-rotational description of motion was 

developed. .  The enhanced strain method was used to 

alleviate the locking problems. The polar decomposition 

theorem was employed to obtain the rotation matrix and the 

transformation matrix which defines the relationship between 

the variations of local displacements and furthermore, the 

variation of the global displacements was also formed. Thus, 

geometric nonlinearities were taken into account via rotation 

of the local system. Several benchmark problems were 

studied to show the reliability of the proposed method. 
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